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Abstract:  
Interacting electrons in two dimensions can bind magnetic flux lines to form composite 
quasiparticles with fractional electric charge, manifesting themselves in the fractional quantum 
Hall effect (FQHE). Although the FQHE has also been predicted to occur in three dimensions, 
it has not yet been experimentally observed. Here, we report the observation of fractional 
plateaus in the Hall conductivity of the bulk semimetal HfTe5 at magnetic fields beyond the 
quantum limit. The plateaus are accompanied by Shubnikov-de Haas minima of the longitudinal 
electrical resistivity. The height of the Hall plateaus is given by twice the Fermi wave vector in 
the direction of the applied magnetic field and scales with integer and particular fractional 
multiples of the conductance quantum. Our findings are consistent with strong electron-electron 
interactions, stabilizing a fractionalized variant of the Hall effect in three dimensions. 
Main Text:  
The quantum Hall effect (QHE) is the quantization of the Hall conductivity xy in two-
dimensional (2D) electron systems (2DESs) to values of ve2/h, where e is the electron charge, 
h the Planck constant and v is the filling factor – the number of electrons per magnetic flux 
quanta. In the case of non-interacting electrons, v takes only integer values.(1) However, once 
interactions between the electrons become important, v can also take fractional values.(2) 
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Depending on whether ν is an integer or a fraction, the QHE is referred to as the integer (IQHE) 
or fractional quantum Hall effect (FQHE), respectively. 
In isotropic three-dimensional (3D) systems, the electron motion along the third direction 
usually leads to a gapless band structure, which in turn destroys the quantization of the Hall 
effect.(3–5) However, it has been predicted that a generalized version of the QHE can emerge 
in 3D electron systems that exhibit a periodically modulated superstructure, provided the 
chemical potential resides in the associated density wave gap.(6–8) The Hall conductivity xy 
is then quantized in values of ve2/h·Gz/2, where Gz is the wave vector of the superstructure 
along the magnetic field. Such a system can be viewed as a 3D stack of (integer) quantum Hall 
layers of filling factor v with an inter-layer distance of 𝜆𝑧 = 2𝜋/𝐺𝑧. In the presence of strong 
electron-electron interactions, stacked versions of fractional quantum Hall effects have also 
been predicted, which reveal themselves in fractional Hall responses.(3, 9–12) 
Inspired by these ideas, the 3D QHE has been explored in several material systems. For 
example, signatures of the IQHE have been found in quasi-2D semiconducting multilayer 
lattices,(13) Bechgaards salts,(14, 15) -Mo4O11,(16) n-doped Bi2Te3,(17) and EuMnBi2,(18) 
in which the layered crystal structure itself supplies the stack of 2D systems. Very recently, the 
IQHE has also been observed in 3D graphite films(5) and bulk ZrTe5 samples.(19) In graphite, 
the imposed periodic superstructure has been attributed to the formation of standing electron 
waves; in ZrTe5, however, the superstructure is believed to arise from a charge density wave 
(CDW), because its propagation vector turned out to be Gz = 2kF,z. Likewise, there has been a 
long-standing experimental effort to observe fractional quantum Hall states in three-
dimensions. However, apart from signatures of fractionalization in the longitudinal electrical 
resistivity of Bi(20, 21), ZrTe5(19, 22) and graphite,(5) the observation of the 3D FQHE is so 
far elusive. 
In this work, we have investigated the low-temperature magneto-transport properties of the 3D 
semimetal HfTe5. Previous studies have shown that HfTe5 is an isostructural counterpart of 
ZrTe5.(23) Both materials share an orthorhombic crystal structure and a single elliptical 3D 
Fermi surface, comprising less than 1% of the Brillouin zone and hosting massive Dirac 
fermions with almost linearly dispersing bands in the vicinity of the Fermi level (see 
Supplementary Materials for details). In ZrTe5, these specific properties have been considered 
essential for the observation of the 3D IQHE.(19) In particular, the associated low electron 
density and anisotropic crystal structure are believed to enhance e-e interactions and thus to 
favor the formation of a CDW – arguments that apply to HfTe5 alike. In addition, hafnium has 
a higher atomic number than zirconium and hence naturally introduces stronger spin-orbit 
coupling,(23) which has been shown to stabilize fractional quantum Hall states in 2DESs.(24) 
Moreover, recent progress in HfTe5 single-crystal growth has achieved charge mobility  that 
exceeds 200,000 cm2V-1s-1 at low temperatures (< 4 K) (see Methods for details). The quality 
of these crystals is comparable to that of graphene samples, which have previously proven 
appropriate for observing the FQHE in two dimensions.(25) Therefore, HfTe5 is an ideal 
candidate for the observation of fractional Hall responses in 3D. 
HfTe5 typically grows as millimeter-long ribbons with an aspect ratio of approximately 1:3:10, 
reflecting its crystalline anisotropy. Details of the growth process, crystal structure and first 
transport characterization of our samples can be found in Ref. (26). We have measured the 
longitudinal electrical resistivity xx and Hall resistivity xy of three HfTe5 samples (A, B, C) as 
a function of magnetic field B and temperature T, with the electrical current applied along the 
a-axis of the crystals. 
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At T = 300 K, xx is around 0.5 mcm (see Fig.1A, Fig. S1 and Ref. (26)) with an electron 
density of n = 1.3×1019 cm-3 and  = 10,000  cm2V-1s-1.(26) Upon cooling at zero magnetic 
field, xx increases with decreasing T until it reaches a maximum at TL = 70 K (Fig.1A). This 
maximum has previously been observed in HfTe5(26) and ZrTe5,(19) and attributed to a Lifshitz 
transition, that is a change in charge-carrier type. Consistently, the slope of xy(B) changes sign 
at TL, indicating electron-type transport for T < TL.(26). At 3 K, we find n = 8.7×10
16 cm-3 and 
 = 250,000 cm2V-1s-1 (see Materials and Methods and Fig. S2). All investigated samples show 
similar electrical transport properties. The data presented in the main text was obtained from 
sample A. Additional data of samples B and C can be found in the Supplementary Materials.  
To characterize the Fermi surface (FS) morphology of our HfTe5 samples, we have measured 
Shubnikov-de Haas (SdH) oscillations with respect to the main crystal axes at 3 K. For this 
purpose, we followed the analysis of Ref. (19) and rotated B in the z-y and z-x planes, while 
measuring xx (B) at a series of different angles (Fig. 1 and Fig. S3). The SdH frequency BF,i is 
directly related to the extremal cross-section of the Fermi surface SF,i, normal to the applied B 
direction via the Onsager relation BF,i = SF,i(ℏ/2e). Examples of the SdH oscillations for which 
the magnetic field was aligned along the three principal crystallographic directions (x, y and z 
axes) are shown in Fig. 1B, C and D (upper panels). In each field direction, we have observed 
maxima in xx that are periodic in 1/B, each of which corresponds to the onset of a Landau level 
(LL). In the associated minima, xx(B) does not vanish, which is a consequence of the remaining 
dispersion in z-direction in 3D systems and LL-broadening due to disorder (see Materials and 
Methods and Fig. S4-S7 for details). To determine the SdH oscillation frequency, we have 
subtracted the smooth high-temperature (50K) - xx(B) from the low-T-data, obtaining the 
oscillating part of the longitudinal resistivity xx(B). Employing a standard Landau-index fan 
diagram analysis to xx(B) (Fig. 1H, Fig. S3, Fig. S8, Fig. S9 and Materials and Methods), we 
have found only a single oscillation frequency for all rotation angles measured, consistent with 
a single electron pocket at the Fermi energy. The extracted BF,i of sample A for B along the 
three principal directions are BF,x = (9.9 ± 0.1) T, BF,y = (14.5 ± 0.5) T, and BF,z = (1.3 ± 0.1) T. 
Here, the errors denote the standard deviation of the corresponding fits.  
In contrast to 2D materials, HfTe5 shows in-plane SdH oscillations when B is aligned with x 
and y, indicating a 3D Fermi-surface pocket. The shape of the FS is further determined by the 
analysis of the rotation angle-dependence of BF. As shown in Fig. 1I and J, the angle-dependent 
SdH frequency is well represented by a 3D ellipsoidal equation BF,3D = BF,zBF,i 
/√(𝐵F,𝑧 sin 𝜃)2 + (𝐵F,𝑖 cos 𝜃)2, where 𝜃 is the rotation angle in the z-i plane. As a cross-check, 
we also plot the formula of a 2D cylindrical Fermi surface BF,2D = BF,z /cos 𝜃, which deviates 
significantly from the experimental data for 𝜃 > 80°. Hence the ellipsoid equations can be used 
to obtain the Fermi wave vectors kF,x = √𝑆F,𝑦𝑆F,𝑧/√π𝑆F,𝑥 = (0.005 ± 0.001) Å
-1, kF,y = 
√𝑆F,𝑥𝑆F,𝑧/√π𝑆F,𝑦  = (0.008 ± 0.001) Å
-1 and kF,z = √𝑆F,𝑥𝑆F,𝑦/√π𝑆F,𝑧 = (0.058 ± 0.006) Å
-1 that 
span the 3D FS of HfTe5 in the x, y, and z direction, respectively (Fig. 1K). The errors in kF,i 
originate from the errors of the BF,i. The preceding analysis indicates that for our HfTe5 samples, 
the quantum limit with the field along the z is achieved already for the field of 1.8 T. Further 
details of our band-structure analysis can be found in Fig.S6 and Table S1. 
For the field aligned with the z-axis (B||z), we additionally observed pronounced plateaus in 
Hall resistance xy(B) that appear at the minima of the SdH oscillations in xx(B)–features 
commonly related to the QHE (Fig 2A). Similar to ZrTe5,(19) the height of the plateaus is given 
by 1/v (h/e2) kF,z with approximately integer v. The plateaus are most pronounced at low 
temperatures, but still visible up to T = 30 K (Fig. 2B and C). We note that the observed 
   
 
 
 
4 
 
quantization of xy is not immediately obvious from the predicted quantization in xy. The Hall 
resistivity tensor is given by xy = xy/(xx2+xy2), where xx is the longitudinal component of 
the conductivity tensor. However, in our samples at low temperatures xx < xy (Fig. S11 and 
Fig. S12) and thus xy-1 ≈ xy, enabling the direct observation of the quantization.  
Fig. 2D shows the angular-dependence of the Hall plateaus, which we find to scale with the 
rotation angle as in ZrTe5.(19) In both materials, the height of the Hall plateaus and its position 
in |B| depends only on the field component that is perpendicular to the x-y plane B⊥ = |B|cos 𝜃 
These are typical signatures for a 3D IQHE within a periodical superlattice.  
Similarly to the case of ZrTe5,(19) the superlattice modulation has the period z = 2Gz, equal 
to half of the Fermi wavelength F/2 = kF,z ≈ 11 nm. This length scale is an order of magnitude 
larger than the lattice constant of HfTe5 along z (about 1.4 nm),(23) suggesting that the observed 
IQHE has an electronic origin. As explained above, for ZrTe5,(19) it was argued that such an 
electronic superlattice arises from the formation of a CDW.  
Above 6 T, we find that xx(B) steeply increases with magnetic field (Fig. 2B). Such a steep 
increase has previously been observed in ZrTe5 as well and has been attributed to a field-
induced metal-insulator transition.(19) 
So far, our analysis focused on similarities between the IQHEs observed in ZrTe5 and HfTe5. 
Upon cooling our HfTe5 samples down to 50 mK, obvious differences begin to emerge, as 
shown in Fig. 3A. In addition to maxima in xx(B) (left axes) and quantized Hall plateaus in 
xy(B) (right axes) at integer fillings factors for B||z, a maximum in xx(B) at ν = 6/5 (upper 
panel) and a more pronounced maximum at ν = 3/5 (lower panel) appear. The filling factors of 
the additional maxima are identified using the Landau index fan diagram obtained with the 
integer fillings at 3 K. Each of these fillings is confirmed by corresponding oscillations in xx(B) 
of all three samples investigated (compare Fig. S11 and Fig. S12), despite the fractional states 
being less pronounced in some of them. However, even in the cleanest sample, the 
corresponding Hall plateaus do not exhibit exact quantization. The weak formation of the 
fractional Hall plateaus in xy(B) may be related to the proximity of the ν = 1 and ν = 6/5 states 
and the presence of the insulating phase close to the ν = 3/5 state at high magnetic fields, leading 
to competing features in xx. To perform a more direct comparison to theory we have calculated 
xy(B). The results shown in Fig. 3B (right axes) are consistent with a 3D FQHE. The 
quantization of xy(B) to values of v·e2/h·kF,z/ is found to be within 8% and 2 % (see 
Supplementary Materials for details) of the values expected for filling factors ν = 6/5 (upper 
panel) and at ν = 3/5 (lower panel), respectively.  
A characteristic of QHE systems with B || z is that the line shape of xx(B) looks very much 
like the line shape of xx(B).(27) In addition, it was shown that dissipation in both integer and 
fractional QHE systems is related to local variation of yx(B) and connects to xx(B) as xx(Bz)= 
γB·dxy(B)/dB, where γ is a dimensionless parameter of the order of 0.01-0.05, which measures 
the local electron concentration fluctuations.(28, 29) To test these relations for the 3D Hall 
effect in HfTe5, we have plotted xx(B) (Fig. 3D) and γB·dxy(B)/dB, (Fig. 3E, upper panel) as 
a function of B-1 and find that both quantities show maxima and minima at the same field 
positions as xx(B). In particular, the derivative relation is well fulfilled with γ = 0.04, which 
is in the expected range reported for 2DESs. These results indicate that the integer and fractional 
plateaus observed in xy(B) of HfTe5, are indeed related to quantum Hall physics. 
To gain further insights into the 3D Hall effect in HfTe5, we estimate the gap energies v 
associated with the integer and fractional plateaus from the T-dependence of the xx(B) minima 
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(Fig. 3F) in the thermally activated regime xx(B) α exp(v/2kBT), where kB is the Boltzmann 
constant (Fig. S13). For integer v, we find 1 = (40 ± 2) K at v = 1 and 2 = (9 ± 1) K at v = 2. 
The gap energies of the fractional plateaus are two orders of magnitude lower: for the v = 3/5 
state, we estimate 3/5 = (0.49 ± 0.09) K and 6/5 = (0.27 ± 0.06) K for the v = 6/5 state. The 
deviations given for the gaps are the errors obtained from the fits in Fig. S13. In spite of 
considerable LL broadening, both the size of the gaps of the integer and fractional plateaus 
compare well with the gaps obtained in 2DESs.(27, 30) The different v  are also in agreement 
with the T-dependence of the corresponding Hall plateaus (Fig. 3G). While the integer plateaus 
are observable up to tens of Kelvin, the fractional ones vanish at around 0.5 K. 
Based on magneto-transport measurements up to 70 T (Fig. S14), we exclude the presence of 
additional bands at the Fermi level. Our data must, therefore, be analysed in terms of a single 
electronic Dirac pocket. At fields below the quantum limit of Bz = 1.8 T, multiple spinful 
Landau level bands may be present at the Fermi level. While more intricate explanations are 
possible, we thus cannot exclude the fractional value of the Hall conductivity at v = 6/5 to result 
from multiband effects. The observed fractional value of 𝜎𝑥𝑦 might for example result from a 
Zeeman splitting of the first Landau level.  
For the fractional Hall plateau at v = 3/5, the situation is markedly different. This plateau arises 
well above the quantum limit. It is thus associated with physics in the zeroth Landau level only 
(this Landau level is non-degenerate since HfTe5 is a gapped Dirac semimetal). The finite value 
of xx at v = 3/5 implies the absence of a fully established bulk gap (possibly due to thermally 
activated carriers as explained above), which in turn means that a truly quantized Hall effect 
cannot be expected. Nevertheless, the emergence of the v = 3/5-plateau in a single-band system 
at low temperatures calls for an explanation beyond a simple single-particle picture: The Hall 
conductivity of a non-interacting single band in which the chemical potential adjusts to keep 
the particle number fixed simply decreases as 1/B.  
At low temperatures and high fields, a layered structure along the z-direction can arise 
independently of a possibly present low-field density wave. As proposed based on a Hartree-
Fock analysis,(9) a gain in exchange energy can exceed the energy cost for distributing 
electrons unequally between layers. The electrons then undergo spontaneous staging transitions 
in which only every N-th layers is occupied, while all other layers are emptied (the number N 
depends on the average electron density and the state formed). Depending on layer separation, 
electron density, and the strength of electron-electron interactions, various types of layered 
Laughlin states or Halperin states can then be formed.(3, 9, 12) These states are naturally 
associated with fractional Hall responses. While staging transitions are unlikely in isotropic 
three-dimensional materials at high electron densities, HfTe5 has a very anisotropic band 
structure with small tunnelling amplitudes along z, and hosts only a relatively small number of 
electrons in its Dirac pocket. Our data is thus consistent with strong interactions stabilizing a 
fractional Hall response in HfTe5 at fields beyond the quantum limit. 
In conclusion, our measurements reveal plateaus in xy(B) of the bulk semimetal HfTe5, 
accompanied by SdH minima in xx(B).  The height of the Hall plateaus is given by twice kF,z 
in the direction of the applied magnetic field and scales with integer and particular fractional 
multiples of the conductance quantum – signatures that are suggestive of a fractional Hall effect 
in a 3D crystal. However, further experimental and theoretical efforts in determining the real 
interactions and texture of the Hall effect in HfTe5 are necessary to settle the puzzle of the v = 
3/5-plateau. 
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Fig. 1. Three-dimensional morphology of the Fermi surface in HfTe5. (A) Longitudinal 
electrical resistivity xx as a function of temperature T at zero magnetic field. Inset: Sketch of 
the measurement configuration in the three spatial directions x, y, and z. The bias current I is 
applied along x and the magnetic field B along z. The corresponding voltage responses are 
measured in x- (Vxx) and in y-direction (Vxy). (B) xx as a function of B at 3 K with B applied 
along x, (C) along y and (D) along the z-direction. (E)  Variation of the longitudinal electrical 
resistivity xx as a function of B at 3 K with B applied along x, (F) along y, and (G) along the 
z-direction. (H), Landau index fan diagram for the integer filling factors v for different angles 
 of B in the z-x plane (see inset;  is positive from the z to the x direction) as a function of B-
1. The data is obtained from the minima of xx in Extended data Fig. 3A. (I) Shubnikov-de Haas 
frequency as a function of angle  and (J)   is the rotation angle of B in the z-y plane (see 
inset;  is positive from the z to the y direction). The black dots represent the measurement data. 
The red fitting curve represents a quasi-2D Fermi surface, the blue fitting curve corresponds to 
an ellipsoidal 3D Fermi surface. (K) The Fermi surface of HfTe5 in momentum space along the 
kx, ky and kz direction. 
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Fig. 2. Three-dimensional integer quantum Hall effect in HfTe5. (A) Longitudinal electrical 
resistivity xx (blue, left axis) and Hall resistivity xy (red, right axis) and as a function of B at 
T = 3 K with B applied in z. The blue arrows mark the onset of a Landau level (LL). The blue 
numbers denote the filling factor v of the corresponding LL. The plateaus in xy scale with 1/v 
(h/e2) kF,z, with the Planck constant h, the electron charge e, and the Fermi wave vector in z-
direction kF,z. (B) xx and (C) xy as a function of B for various temperatures T ≥ 3 K with B 
applied in z. (D) xy as a function of |B|cos() for magnetic fields along direction with angles  
at 3 K.  
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Fig. 3. Three-dimensional fractional quantum Hall effect in HfTe5. (A) Longitudinal 
electrical resistivity xx (blue, left axis) and Hall resistivity xy (red, right axis) and as a function 
of B at T = 50 mK with B applied in z for 0 T ≤ B ≤ 3 T (upper panel) and 0 T ≤ B ≤ 9 T (lower 
panel). The blue arrows mark the onset of a Landau level (LL). The blue and red numbers label 
the filling factor v of the corresponding LL. (B) Longitudinal electrical resistivity xx (blue, left 
axis) and Hall conductivity xy (red, right axis) as a function of B at T = 50 mK with B applied 
in z for 0 T ≤ B ≤ 3 T (upper panel) and 0 T ≤ B ≤ 9 T (lower panel). (C) Variation of the 
longitudinal electrical resistivity xx as a function of B at 50 mK with B applied along z. (D) 
Longitudinal electrical conductivity xx (blue, left axis) and Hall conductivity xy (red, right 
axis) as a function of B-1 at T = 50 mK with B applied in z. (E)  · B·dxy/dB (upper panel) ( 
= 0.04) and Landau index fan diagram (lower panel) as a function of B-1 at T = 50 mK with B 
applied in z. (F) xx and (G) xy as a function of B for various temperatures 4 K ≥ T ≥ 50 mK 
with B applied in z. 
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Materials and Methods 
Single crystal sample growth and pre-characterization 
Single-crystals of HfTe5 were obtained via a chemical vapor transport method. Stoichiometric 
amounts of Hf (powder, 3N) and Te (powder, 5N) were sealed in a quartz ampoule with iodine 
(7mg/ml) and placed in a two-zone furnace. A typical temperature gradient from 500 °C to 400 
°C was applied. After one-month, long ribbon-shaped single crystals were obtained. The typical 
size of the measured HfTe5 single crystals is 1 mm × 0.5 mm × 3 mm (width × height × length). 
 
The samples used in this work are of the same batch as the ones reported in Ref. (1) and (2) and 
have similar Fermi level positions. As shown in these two papers, in our HfTe5 samples a three-
dimensional topological Dirac semimetal state emerges only at around 𝑇p ≈ 65 K (at which the 
resistivity shows a pronounced peak), manifested by a large negative magnetoresistance. This 
Dirac semimetal state marks a phase transition between two distinct weak (T > 𝑇p) and strong 
topological insulator phases (T < 𝑇p). At high temperatures the extracted band gap is around 30 
meV (185 K), and at low temperatures 10 meV (15 K).(2) However, we note that the Fermi 
level at these temperatures is not located in the gap, but several meV in the valance band for T 
> 𝑇p and in the conduction band for T < 𝑇p. Hence, our HfTe5 samples are metallic at high and 
low temperatures. 
 
Electrical Transport Measurements 
Electrical contacts to the HfTe5 single crystals were defined with an Al hard mask. Ar sputter 
etching was performed to clean the sample surface prior to the sputter deposition of Ti (20 nm) 
and Pt (200 nm) with a BESTEC UHV sputtering system. Subsequently, Pt wires were glued 
to the sputtered pads using silver paint. All electrical transport measurements up to ±9 T were 
performed in a temperature-variable cryostat (PPMS Dynacool, Quantum Design), equipped 
with a dilution refrigerator inset. To avoid contact-resistance effects, only four-terminal 
measurements were carried out. The longitudinal xx and Hall resistivity xy were measured in 
a Hall-bar geometry with standard lock-in technique (Zurich instruments MFLI and Stanford 
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Research SR830), applying a current of 10 A with a frequency of f ~ 1 kHz across a 10 k 
shunt resistor. The electrical current was always applied along the a-axis of the crystal.  
The pulsed magnetic field experiments up to 70 T were carried out at the Dresden High 
Magnetic Field Laboratory (HLD) at HZDR, a member of the European Magnetic Field 
Laboratory (EMFL). 
 
Charge-carrier density and mobility from Hall measurements 
From linear fits of the low-field Hall measurements (Fig. S2A), we have obtained the 
temperature-dependent dominant charge-carrier concentration n = (dxy/d|B|·e)-1 (Fig. S2B) and 
the average mobility  = (xx,0 en)-1 (Fig. S2C) of HfTe5, using a single-band model.  
 
Mapping of the Fermi surface by analyzing Shubnikov-de Haas oscillations 
We mapped the Fermi surface of our HfTe5 samples by analyzing Shubnikov-de Haas 
oscillations in the temperature (T)-dependent longitudinal magneto-electrical resistivity 
xx(B).(3) In these measurements, the electrical current is applied along the x-axis with the 
magnetic field set along the x, y, and z directions. The results of our analysis are summarized in 
Table S1. For all directions, we observe single frequencies BF,i, as shown in Fig. 1, Fig. S4, and 
Fig. S5, with i being the direction of applied magnetic field. The filling factor v is related to the 
Fermi surface as 2(v + g) = BF,i/B, where the phase shift g is approximately zero for all 
samples. From the slope of linear fits in Landau-index fan diagrams, we extract BF,i and use the 
Onsager relation BF,i = (ℏ/2e)SF,i to extract the Fermi surface cross-section SF,i. Here, ℏ is the 
reduced Planck constant and e is the electron charge. Under the assumption of an ellipsoidal 
Fermi surface, the Fermi wave vectors are then given by kF,x = √𝑺𝐅,𝒚𝑺𝐅,𝒛/√𝛑𝑺𝐅,𝒙, kF,y = 
√𝑺𝐅,𝒙𝑺𝐅,𝒛/√𝛑𝑺𝐅,𝒚  and kF,z = √𝑺𝐅,𝒙𝑺𝐅,𝒚/√𝛑𝑺𝐅,𝒛. The kF,i relate then directly to the Fermi wave 
length F,i = 2/kF,i.  
The resistance amplitude of the maxima in the Shubnikov-de Haas oscillations in xx(B) is 
proportional to (B)/sinh[(B)]·exp(c/B)  with the cyclotron frequency c =
𝑒 |𝑩|
𝑚𝑐
 and (B) = 
𝟐𝛑𝟐𝒌𝐁𝑻𝒎𝐜
ħ𝐞|𝑩|
, where mc is the cyclotron mass. Hence, when plotting (B)/sinh[(B)] against 1/B, 
the carrier lifetime  can be extracted from the slope of the logarithmic (Fig. S10C-E). The 
corresponding effective mass can be extracted from fitting the T-dependence to (B)/sinh[(B)] 
(Fig. S10F-H). Assuming that the massive Dirac band exhibits a linear dispersion at low 
energies, we finally can obtain the effective masses m* from the cyclotron masses in the x, y 
and z direction: mc,x = √𝑚𝑦∗ 𝑚𝑧∗, mc,y = √𝑚𝑥∗ 𝑚𝑧∗   and mc,z = √𝑚𝑦∗ 𝑚𝑥∗ , respectively. The Fermi 
velocities vF,i can be further obtained with vF,i m
*
i = ℏ kF,i. Eventually, the average Fermi energy 
can be estimated using EF = (vF,x
2 ℏ2kF,x2 + vF,y2 ℏ2kF,y2  + vF,z2 ℏ2kF,z2)0.5 . For sample A we obtain 
EF = (9 ± 2) meV, where the deviation is obtained from the error of the fits in kF,i and vF,i. 
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Comment on the calculation of the Hall conductivity tensor element 
We calculate the Hall conductivity tensor element xy using xy = xy/(xx2+xy2), assuming that 
xx = yy. However, in general xy = xy/(xx yy +xy2) with a magnetic field in z-direction. Due 
to the geometry of the HfTe5 crystals (elongated needles) and its mechanical fragility, 
performing reliable measurements of yy on our samples is not possible.  Instead, we estimate 
the error of the xy using the ratio of Drude resistivities yy/xx = (nxye2x/𝒎𝒙
∗ )/ (nxye
2y/𝒎𝒚
∗ ) 
estimated from the quantum lifetimes and effective masses obtained from Shubnikov-de Haas 
oscillations on sample A, given in Supplementary Table 1. nxy is the charge-carrier 
concentration in the x-y-plane. Based on this analysis we find yy/xx ≈ 0.4, which results in an 
error of 2 % in the estimated xy at the 3/5 plateau and in an error of 8 % in the estimated xy at 
the 6/5 plateau, owing to xx (B) < xy (B). Both these errors lay well within the estimated error 
of kF,z of 10 %. Therefore, the fractional filling factors of the Hall plateaus in xy are expected 
to be observable in the Hall plateaus in xy. 
 
Theory of the three-dimensional Hall effect 
Hall effect stacks in momentum space 
 
Two-dimensional electrons subject to a magnetic field 𝑩 form Landau levels of energy 𝐸𝑁 =
(𝑁 + 1
2
)ℏ𝜔𝑐, where 𝑁 = 𝑣 − 1 is the Landau level index with the filling factor v. A three-
dimensional Hall system can be understood as stacking of such two-dimensional Hall layers on 
top of each other. Any finite hopping along the third direction - here taken to be the direction 
of the magnetic field: the z-direction - results in an additional dispersion with the momentum 
𝑝z along z. The Landau levels consequently form bands of energy 𝐸𝑁(𝑝𝑧) = (𝑁+
1
2
)ℏ𝜔𝑐 +
𝑝𝑧
2
2m𝑧
∗, 
where 𝑚𝑧
∗ is the mass associated with the z-dispersion, and it is more convenient to think about 
a 3D Hall system in momentum space. If the energy 𝐸𝑁(𝑝𝑧) of a given band 𝑁 is below the 
Fermi level 𝐸F for a certain momentum range Δ𝑝𝑧,𝑁 (see Fig. S4), then the corresponding 2D-
momentum layers (layers of px and py) are occupied and gapped. Their gap Δ𝑁(𝑝𝑧) is the energy 
difference of these states to the Fermi level, Δ𝑁(𝑝𝑧) = 𝐸F − 𝐸𝑁(𝑝𝑧). Each of the occupied 
momentum-space layers carries one quantum of Hall conductance.  
As shown in Fig. S5, the density of states of a 3D Hall system is that of a macroscopically 
degenerate sets of one-dimensional bands: van-Hove singularities at the band bottoms are 
followed by tails extending to high energies. The degeneracy of these bands equals the 
macroscopic degeneracy 𝐽𝐿𝐿 =
𝑒 |𝑩|
2 𝜋ℏ
 𝐿𝑥 𝐿𝑦 of individual Landau levels, where 𝐿𝑖 is the length 
of the system along the 𝑖-direction. The total density of states of a 3D Hall system without 
additional gaps is thus generally finite at the Fermi level, reflecting the fact that the Fermi level 
intersects Landau level bands. 
In an ideal model system, each occupied 2D-momentum layer contributes one quantum of Hall 
conductance 
𝑒2
ℎ
, giving rise to a total 3D Hall conductivity of 𝜎𝑥𝑦 = ∑
Δ𝑝𝑧,𝑁
2𝜋ℏ𝑁
𝑒2
ℎ
. This does, 
however, not mean that the 3D Hall conductivity is quantized in real samples. First, given that 
there are gapless bulk states at the Fermi level, disorder-induced couplings of the edge states 
across the sample can destroy the quantization of the Hall response. Secondly, any small change 
of the EF changes Δ𝑝𝑧,𝑁, and thus also 𝜎𝑥𝑦, in some non-universal way. The gapless bulk states 
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also give rise to a finite, non-universal longitudinal conductivity. A truly quantized Hall 
response can only arise when an additional gap opens at the Fermi level.(4) Consider the 
example that the chemical potential resides in the lowest Landau level. If the system then forms 
a density wave with wave vector 𝐺𝑧 = Δ𝑝𝑧,0/ℏ, the spectrum is fully gapped, the Hall 
conductivity is quantized to 𝜎𝑥𝑦 =
𝐺𝑧
2𝜋
𝑒2
ℎ
, and the longitudinal conductivity vanishes. 
 
Fixed chemical potential vs. fixed particle number 
 
The electric response of a Hall sample can take qualitatively different forms depending on 
whether an experiment is performed at fixed particle number or at fixed chemical potential, i.e. 
Fermi level. 
 
(i) Fixed chemical potential 
If a small sample is strongly connected to large reservoirs, these fix the chemical 
potential in the sample. Given that the Landau level bands move with magnetic field 
and because their degeneracy increases linearly with field, a fixed chemical potential 
implies a varying total electron density 𝑛𝑡𝑜𝑡. Whenever a Landau-level band bottom 
crosses the chemical potential, its van Hove singularity induces a kink in the density of 
electrons in the sample. The Hall response likewise features kinks when a Landau level 
crosses the chemical potential. These kinks are followed by a plateau-like feature. The 
longitudinal resistivity depends on the bulk density of states at the Fermi level, and 
therefore exhibits spikes whenever a Landau-level band bottom crosses 𝐸𝐹. To illustrate 
this behavior, we extend the treatment of the 2D quantum Hall effect presented in Ref. 
(5) to three dimensions by including a dispersion of the Landau-level bands and 
summing over all 𝑝𝑧. Following Ref. (5), we keep track of a Lorentzian level 
broadening, and also introduce a transport lifetime 𝜏𝑀 (in contrast to the quantum 
lifetime encoding how long it takes an electron to be scattered into any other state, the 
transport lifetime encodes that forward scattering does not alter transport). As Ref. (5), 
we choose the transport lifetime to be ten times larger than the quantum lifetime, which 
in turn is defined by the inverse level broadening. The resulting electron density, Hall 
conductivity, and longitudinal resistivity are shown in Fig. S6A-C. The quantum limit 
is reached when the N = 1-Landau level band has shifted above the chemical potential 
such that only states in the N = 0 Landau-level band are occupied. In Fig. S6A-C, the 
quantum limit approximately corresponds to 3 T < |B| < 9 T. Above 9 T, also the zeroth 
Landau-level shifts above the chemical potential (its low-energy tail results in a small 
residual electron density that disappears when |B| increases further).  
 
(ii) Fixed particle number  
 
In samples containing many electrons, a change of the electron density costs a large 
charging energy.(6) If such a large sample is only weakly coupled to leads, the particle 
number rather than the chemical potential is kept fixed when the magnetic field is 
varied. This in turn requires the chemical potential to vary as a function of magnetic 
field. Each time a Landau-level bottom crosses the varying chemical potential, the 
chemical potential exhibits a peak.  Using that the Landau-level degeneracy is given by 
𝐽𝐿𝐿, one furthermore finds that the Hall conductivity is given by 𝜎𝑥𝑦 =
𝑒2
ℎ
2𝜋 ℏ
𝑒 𝐵
 𝑛𝑡𝑜𝑡: The 
   
 
 
 
17 
 
Hall conductivity exhibits a featureless 1/|B|-behaviour. In contrast, the van Hove 
singularities associated with Landau-level band bottoms still induce spikes in the 
longitudinal conductivity. This behavior of a 3D Hall sample at fixed particle number 
is illustrated in Fig. S6D-F. 
 
(iii) Role of level broadening 
 
In a system with fixed particle number, the inclusion of level broadening smoothens out 
the dependence of the chemical potential on the magnetic field. As a result, the Hall 
response is slightly closer to the Hall response of a system with fixed chemical potential: 
we find that the Hall conductivity exhibits small kinks once level broadening is 
considered. 
 
(iv) Specifics of our samples 
 
In general, a real sample will be in between the two extreme cases of fixed conduction 
electron (charge carrier) number and fixed chemical potential (Fermi level). This is also 
apparent from the behavior our samples. At small fields, the Hall response shows 
slightly smoothened kinks, followed by plateau-like features. This behavior is similar 
to the theoretical expectations for a system at fixed chemical potential. We note that our 
samples are not very large, and that the Dirac pocket is comparably small. Furthermore, 
at magnetic fields below the quantum limit, the variation of particle density in our toy 
model at exactly fixed chemical potential is at most about 20%. Finally, the chemical 
potential does not have to be perfectly conserved for the Hall data to exhibit kinks and 
plateau-like features: an ideal 1/|B|-behavior arises only if the chemical potential adjusts 
perfectly, and if the level broadening is small. Our data, therefore, suggests the presence 
of localized states that can soak up/release some amount of conduction electrons in order 
to keep the chemical potential of the sample closer to the chemical potential in the leads. 
At fields beyond the quantum limit and temperatures at which the 𝜈 = 3/5-plateau has 
not yet developed, the Hall conductivity instead follows a 1/|B|-behavior. We interpret 
this behavior as the system’s tendency to avoid large changes of the conduction electron 
density. Finally, the electrons in our samples form a (gapped) Dirac semimetal rather 
than a quadratic dispersion. As a consequence, the spectrum is particle-hole symmetric. 
If the Zeemann effect is negligible, all Landau levels except for the zeroth Landau levels 
above and below the node are spin-degenerate (the zeroth Landau levels are non-
degenerate). The levels with  |𝑁| > 0 shift in field, while the zeroth Landau levels are 
unaffected by the field. With Zeeman splitting, the |𝑁| > 0 Landau levels are Zeeman-
split and the N = 0-Landau levels shift in field. We find that the main difference between 
a Dirac semimetal and 3D electrons with a quadratic dispersion is the precise location 
of the various plateaus, but that the main features are qualitatively identical. Most 
importantly, because the zeroth Landau levels of a Dirac semimetal shift only very 
weakly at small fields, even when the Zeeman is effect included, the range of occupied 
momenta in the 𝑁 = 0-band is Δ𝑝𝑧,0(𝐵) ≈  Δ𝑝𝑧,0(𝐵 = 0) = 2ℏ𝑘𝐹,𝑧. As a result, the 
Hall conductivity just above the quantum limit is given by 𝜎𝑥𝑦 =
Δ𝑝𝑧,0
2𝜋ℏ
𝑒2
ℎ
≈
2kF,z
2𝜋
𝑒2
ℎ
 . 
Only at larger fields, when the chemical potential is renormalized substantially, does 
the Hall conductivity drop. 
In contrast to 2D quantum Hall systems, the interplay of the different temperature-
dependencies of the finite values of xx at its minima and the metal-insulator transition 
at high fields in HfTe5, cause the position of the minima in xx(B) to shift in temperature 
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(Fig 3F). However, importantly, we note that below 800 mK, the positions of the minima 
up to 5 T remain at fixed positions in magnetic field for all temperatures. This enables 
the assignment of filling factors to the minima of xx(B) up to that field in this low-
temperature range.  
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Supplementary Figures 
 
 
Fig. S1. Longitudinal resistivity xx of HfTe5 sample B and C as a function of temperature 
T at zero magnetic field. (A) xx of sample B and (B) xx of sample C. 
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Fig. S2. Charge-arrier concentration and Hall mobility of sample A. (A) Linear fits of the 
Hall resistivity at low magnetic fields (fit range ±0.5 T). (B) Extracted charge-carrier 
concentration n = (dxy/d|B|·e)-1 from the slope of the linear fits dxy/d|B|. Here, e is the electron 
charge. (C) Calculated Hall mobility H = (xx·e·n)-1. 
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Fig. S3. Rotation angle-dependence of the Shubnikov-de Haas oscillations. (A) xx versus 
B for various rotation angles of B in the z-x plane and (B) xx in the y-x plane at 3 K. (C) 
Landau-level fan diagram for various rotation angles of B in the y-x plane at 3 K. The data is 
obtained from the minima of xx in B.  
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Fig. S4. Landau-level band structure of a 3D Hall system. Energy E as a function of 
momentum pz for a magnetic field B applied in in z-direction. The Landau levels are indexed 
as indices N = v + 1. EF denotes the Fermi level. Δ𝑝z,0 is the distance between the momentum 
points of the N = 0 Landau level at EF. 0(pz) is the energy difference of the states of the N = 0 
Landau level and EF. 
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Fig. S5. Density of states of Landau-level bands. (A) Density of states 𝐷𝑂𝑆𝑁 = 0 of the N = 0 
Landau level and (B) total density of states 𝐷𝑂𝑆tot = ∑ 𝐷𝑂𝑆𝑁𝑁  of a 3D Hall system as a 
function of energy E. 𝐷𝑂𝑆𝑁is the density of states of the Nth Landau level. To mimic the effects 
of disorder, we have included a Lorentzian level broadening for the Landau levels, which 
smoothens out the van Hove singularities at the band bottoms. 
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Fig. S6. 3D Hall effect at fixed Fermi energy EF and at fixed particle number n. (A) Relative 
electron number, (B) longitudinal conductivity 𝜎𝑥𝑥 and (C) Hall conductivity 𝜎𝑥𝑦 normalized 
by the zero field Fermi wavevector 𝑘𝐹𝑧 as a function of magnetic field B in z-direction for fixed 
EF. In the calculations, we exemplarily choose the band mass 𝑚 = 𝑚∗ = 0.067 𝑚𝑒, where 𝑚𝑒, 
is the free-electron mass, the Fermi level 7.5 meV, and the Landau-level broadening 0.12 meV. 
(D) Relative Fermi level, (E) 𝜎𝑥𝑥, and (F) 𝜎𝑥𝑦 as a function of B in z-direction for fixed n. The 
same model parameters and zero-field electron density as for the calculations with fixed EF 
were used, except for the level broadening and the transport lifetime, which were both divided 
by a factor of 10 in this case. 
  
   
 
 
 
25 
 
 
 
Fig. S7. 3D Hall effect at fixed particle number for a larger level broadening (A) Relative 
Fermi level and (B) Hall conductivity 𝜎𝑥𝑦 normalized by the zero field Fermi wavevector 𝑘𝐹𝑧 
as a function of magnetic field B in z-direction. The yellow and red solid curves correspond to 
the same model parameters and zero-field electron density as in Fig. S6 D and F, respectively 
(small Landau level broadening and transport lifetime). The black curves use ten times larger 
level broadening and transport lifetime. For comparison, panel B also shows the Hall 
conductivity at fixed Fermi level from Fig. S6 C (blue curve). 
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Fig. S8. Analysis of the Shubnikov-de Haas oscillations of sample B at 3 K with the 
magnetic field applied along the three principal axes x, y, and z.  (A) xx as a function of B 
at 3 K with B applied along x, (B) along y and (C) along the z-direction. (D) Variation of the 
longitudinal electrical resistivity xx as a function of B at 3 K with B applied along x, (E) 
along y and (F) along the z-direction. (G) Landau-index fan diagram for the integer filling 
factors v with B applied along x, (H) along y, and (I) along the z-direction. 
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Fig. S9. Analysis of the Shubnikov-de Haas oscillations of sample C at 3 K with the 
magnetic field applied along the three principal axes x, y, and z.  (A) xx as a function of B 
at 3 K with B applied along x, (B) along y and (C) along the z-direction. (D) Variation of the 
longitudinal electrical resistivity xx as a function of B at 3 K with B applied along x, (E) 
along y, and (F) along the z-direction. (G) Landau-index fan diagram for the integer filling 
factors v with B applied along x, (H) along y, and (I) along the z-direction. 
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Fig. S10. Determination of the mobility and cyclotron mass. (A) xx as a function of B for 
various temperatures T ≥ 3 K with B applied in x and (B) in  y. (C) Dingle plots of 
xx|B|sinh[(T)] versus B-1 with (B) = 
2π2𝑘B𝑇𝑚c
ħe𝑩
 at 3 K with B applied along x, (D) along y 
and (E) along the z-direction. The lines are linear fits to the measurement data to obtain the 
electron mobility , as explained in Materials and Methods. (F) The cyclotron masses mc for B 
applied along x, (G) along y and (H) along the z-direction is obtained from fits (red lines) to 
xx/xx,0, where xx,0 is the extrapolated xx at zero Kelvin. xx for each principal 
direction is taken at the magnetic field of the lowest accessible Landau level. 
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Fig. S11. Three-dimensional fractional quantum Hall effect in sample B. (A) Longitudinal 
electrical resistivity xx (blue, left axis) and Hall resistivity xy (red, right axis) as a function of 
B at T = 50 mK with B applied in z for 0 T ≤ B ≤ 3 T (upper panel) and 0 T ≤ B ≤ 9 T (lower 
panel). The blue arrows mark the onset of a Landau level (LL). The blue and red numbers label 
the filling factor v of the corresponding LL. (B) Longitudinal electrical resistivity xx (blue, left 
axis) and Hall conductivity xy (red, right axis) as a function of B at T = 50 mK with B applied 
in z for 0 T ≤ B ≤ 3 T (upper panel) and 0 T ≤ B ≤ 9 T (lower panel). (C) Longitudinal electrical 
conductivity xx (blue, left axis) and Hall conductivity xy (red, right axis) as a function of B-1 
at T = 50 mK with B applied in z. (D) Variation of the longitudinal electrical resistivity xx as 
a function of B at 50 mK with B applied along z (upper panel) and Landau-index fan diagram 
(lower panel) as a function of B-1 at T = 50 mK with B applied in z. 
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Fig. S12. Three-dimensional fractional quantum Hall effect in sample C. (A) Longitudinal 
electrical resistivity xx (blue, left axis) and Hall resistivity xy (red, right axis) as a function of 
B at T = 50 mK with B applied in z for 0 T ≤ B ≤ 3 T (upper panel) and 0 T ≤ B ≤ 9 T (lower 
panel). The blue arrows mark the onset of a Landau level (LL). The blue and red numbers label 
the filling factor v of the corresponding LL. (B) Longitudinal electrical resistivity xx (blue, left 
axis) and Hall conductivity xy (red, right axis) as a function of B at T = 50 mK with B applied 
in z for 0 T ≤ B ≤ 3 T (upper panel) and 0 T ≤ B ≤ 9 T (lower panel). (C) Longitudinal electrical 
conductivity xx (blue, left axis) and Hall conductivity xy (red, right axis) as a function of B-1 
at T = 50 mK with B applied in z. (D) Variation of the longitudinal electrical resistivity xx as 
a function of B at 50 mK with B applied along z (upper panel) and Landau-index fan diagram 
(lower panel) as a function of B-1 at T = 50 mK with B applied in z. 
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Fig. S13. Fit of the gap energies. (A) xx as a function of T-1 at the magnetic field B of the 
Shubnikov-de Haas minima of filling factor v = 3/5, (B) v = 6/5, (C) v = 1, (D) v = 2.  The gap 
energies v are fitted (red lines) in the thermally activated regime xx(Bz) = xx,A exp(v/2kBT) 
+ xx,0, where kB is the Boltzmann constant, xx,A a scaling factor and xx,0 accounts for the finite 
xx in the Shubnikov-de Hass minima due to disorder broadening of the Landau levels. 
 
  
   
 
 
 
32 
 
Fig. S14. High-field magneto-transport. (A) Longitudinal electrical resistivity xx of sample 
A at 1.8 K as a function of magnetic field B || z up to ±70 T and (B) up to ±20 T. (C) xx of 
sample B at 1.8 K as a function of B up to ±70 T and (D) up to ±20 T. (E) xx of sample C at 
1.8 K as a function of B up to ±70 T and (F) up to ±20 T. For all samples investigated, no 
additional local maxima are observed above 9 T. 
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Supplementary Tables 
Sample Magnetic 
field’s 
direction 
SdH 
frequency 
 
Fermi 
area 
Fermi 
wave 
vector 
Fermi 
wave 
length 
Cyclotron 
mass 
Effective 
mass 
Fermi 
velocity 
Dingle 
temperature 
Lifetime 
  BF  
(T) 
SF  
(10-4 
Å-2) 
k F  
(10-3 
Å-1) 
 F   
(nm) 
mc  
(m0) 
m*  
(m0) 
vF  
(105 
m/s) 
TD 
 (K) 
 
 (ps) 
 B || x 9.9  
± 0.1 
9.9 
 ± 0.1 
5.2  
± 0.9 
120 
± 23 
0.117 
± 0.002 
0.034 
± 0.001 
1.8 
± 0.5 
0.17 
± 0.02 
0.11 
± 0.01 
A B || y 14.5  
± 0.2 
14.5  
± 0.2 
7.7  
± 1.5 
82 
± 15 
0.303 
± 0.019 
0.005 
± 0.001 
17.5 
± 3.5 
0.07 
± 0.01 
0.05 
± 0.01 
 B || z 1.3  
± 0.1 
1.3  
± 0.1 
57.7 
± 5.9 
11 
± 1 
0.117 
± 0.002 
2.714 
± 0.253 
0.2 
± 0.1 
0.69 
± 0.1 
0.45 
± 0.06 
 B || x 8.4 
± 0.1 
8.4  
± 0.1 
5.3  
± 0.6 
- - - - - - 
B B || y 12.9 
± 0.6 
12.9 
± 0.6 
8.2 
± 2.2 
- - - - - - 
 B || z 1.4 
± 0.1 
1.4  
± 0.1 
48.3 
± 8.9 
13 
± 2 
- - - - - 
 B || x 8.8  
± 0.1 
8.8  
± 0.1 
5.9 
± 0.2 
- - - - - - 
C B || y 10.5 
± 1.2 
10.5 
± 1.2 
7.0 
± 3.2 
- - - - - - 
 B || z 1.3  
± 0.2 
1.3  
± 0.2 
47.6 
± 1.5 
13 
± 2 
- - - - - 
 
Table S1. Band-structure parameters of HfTe5 sample A, B, and C, obtained from 
Shubnikov-de Haas oscillations. The variations denote the errors from the fits and from error 
propagation as explained in the methods and main text. 
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